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Outline

> Stereo Depth Estimation and Visual Odometry
• Stereo based depth estimation (recover the depth)
• Stereo visual odometry (visual positioning)

> Monocular Visual Odometry
• Feature Detection and Matching (find same features from consecutive 

frames)
• Epipolar Constraint (estimate relative motion-visual positioning)
• Triangulation (estimate feature depth)

> Preview on Tutorial 2 (Visual Positioning)

> Corrections on the GNSS RTK Jacobian Matrix in Lecture 
Slide
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Stereo Depth Estimation  

What is stereo camera?

View of stereo camera
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Stereo Depth Estimation  

Baseline b

What is the Stereo Model ?

P

𝑂𝐿 𝑂𝑅
Optical center

𝑃𝐿 𝑃𝑅

𝑢𝐿 −𝑢𝑅

𝑓

𝑧

𝑧 − 𝑓

𝑧
=
𝑏 − 𝑢𝐿 + 𝑢𝑅

𝑏

𝑧 =
𝑓𝑏

𝑑𝑐
𝑑 = 𝑢𝐿 − 𝑢𝑅

𝑧: the depth , distance (meter)

𝑓: the focal length (meter)

b: the baseline (meter)

𝑢𝐿, 𝑢𝑅 : the coordinates of point 𝑃𝐿, 𝑃𝑅 (pixel)
𝑐: the pixel size of each pixel (m/pixel)

Parallax in pixel 

position

∆𝑃𝑃𝐿 𝑃𝑅 ∆𝑃𝑂𝐿 𝑂𝑅~

Optical center
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Stereo Depth Estimation  

𝑂𝐿 𝑂𝑅

P

𝑃𝐿
𝑃𝑅

Based on previous model, 

the depth can be obtained

Left Image Right Image
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Stereo Depth Estimation  

Baseline b

What is the maximum range of the depth estimation?

P

𝑂𝐿 𝑂𝑅

Optical center Optical center

𝑃𝐿 𝑃𝑅

𝑢𝐿 −𝑢𝑅

𝑓

𝑧

𝑧 =
𝑓𝑏

𝑑
𝑑 = 𝑢𝐿 − 𝑢𝑅

Parallax in 

pixel position

𝑓: focal length (fixed value 

for given stereo camera)

b: baseline we can tune to 

get maximum range!

𝑑 = 𝑢𝐿 − 𝑢𝑅: maximum value is 

determined by size of the image



Stereo Depth Estimation 
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Long baseline 

stereo camera

Short baseline 

stereo camera



Stereo Depth Estimation 
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What we get using stereo camera?

• Dense point clouds from the single 

frame images.

• 3D coordinates of the points.

Farther depth with decreased accuracy in depth!

Can we use the depth (dense point 

clouds) for positioning?



Properties of Several Matrices
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Transformation Matrix:

𝐓A
B = 𝐑A

B 𝐭A
B

0 1

Transform a point 𝒑1
A from coordinate A to 

coordinate B:
𝒑2
B = 𝐑A

B𝒑1
A + 𝐭A

B

Key features of rotation matrix 𝐑A
B

(orthogonal matrix):

𝐑A
BT = 𝐑A

B−1

𝐑A
BT𝐑A

B = 𝐈

𝐱⋀: 𝐒𝐤𝐞𝐰-𝐬𝐲𝐦𝐦𝐞𝐭𝐫𝐢𝐜 Matrix, 

𝐱 =

𝑥1
𝑥2
𝑥3

𝐱⋀ =

0 −𝑥3 𝑥2
𝑥3 0 −𝑥1
−𝑥2 𝑥1 0

SVD of 𝐖 which is a 𝑚 × 𝑛 matrix: 

𝐖 = 𝐔𝚺𝐕𝐓

𝐔: orthogonal matrix (𝑚 ×𝑚 matrix)

𝐕: orthogonal matrix (𝑛 × 𝑛 matrix)

𝚺: orthogonal matrix (𝑚 × 𝑛 matrix)

SVD: Singular Value Decomposition, tr: Trace
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Iterative Closest Point (ICP) Modeling

Initial point clouds (𝑛 points):

𝐩𝑖 = { 𝑥1,𝑦1,𝑧1 , 𝑥2,𝑦2,𝑧2 , … }

Current point clouds:

𝐩𝑖
′ = { 𝑥1,𝑦1,𝑧1 , 𝑥2,𝑦2,𝑧2 , … }

Error for points pair (𝐩𝑖 , 𝐩𝑖
′):

𝑒𝑖 = 𝐩𝑖 − (𝐑𝐩𝑖
′ + 𝐭)

Mean of point sets:

ഥ𝐩 =
1

𝑛
σ𝑖=1
𝑛 (𝐩𝑖), ഥ𝐩

′ =
1

𝑛
σ𝑖=1
𝑛 (𝐩𝑖

′)

Error Function:

1

2


𝑖=1

𝑛

𝐩𝑖 − (𝐑𝐩𝑖
′ + 𝐭) 2 =

1

2


𝑖=1

𝑛

𝐩𝑖 − 𝐑𝐩𝑖
′ − 𝐭 − ഥ𝐩 + 𝐑ഥ𝐩′ + ഥ𝐩 − 𝐑ഥ𝐩′ 2

=
1

2
σ𝑖=1
𝑛 𝐩𝑖 − ഥ𝐩 − 𝐑(𝐩𝑖

′ − ഥ𝐩′) 2+ ഥ𝐩 − 𝐑𝐩𝑖
′ − 𝐭) 2

=
1

2
σ𝑖=1
𝑛 𝐪𝑖 − 𝐑(𝐪𝑖

′) 2+ ഥ𝐩 − 𝐑𝐩𝑖
′ − 𝐭) 2

Related to R only based on 

independent points

Related to R and t based on 

mean of points set

Difference of the point i to mean:

𝐪𝑖 = 𝐩𝑖 − ഥ𝐩, 𝐪𝑖
′ = 𝐩𝑖

′ − ഥ𝐩′

i, Index of matched point 

clouds (shortest distance) 

between two frames 

Solve 𝐑, Ƹ𝐭 via two steps:

Step 1: Solve rotation using Singular Value 

Decomposition (SVD)

• 𝐑 = min
𝐑

1

2
σ𝑖=1
𝑛 𝐪𝑖 − 𝐑𝐪𝑖

′ 2

Step 2: Solve translation based on rotation

• Ƹ𝐭 = 𝐩 − 𝐑𝐩′

Steps 1&2 performs iteratively until:

• Change of 𝐑 and Ƹ𝐭 are small 

enough, or

• Change of the loss is small 

enough, or

• Number of iterations is large 

enough.

𝐩

𝐩′
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Iterative Closest Point (ICP) Optimization Using SVD*

Revised Optimization Function:

min
𝐑,𝐭

1

2


𝑖=1

𝑛

𝐩𝑖 − ((𝐑𝐩𝑖
′ + 𝐭)) 2

= min
𝐑,𝐭

1

2


𝑖=1

𝑛

𝐩𝑖 − 𝐩 − 𝐑(𝐩𝑖
′ − 𝐩′) 2 + ԡ

ԡ

𝐩

− 𝐑𝐩𝑖
′ − 𝐭) 2

SVD: Singular Value Decomposition, tr: Trace

Solve 𝐑∗, 𝐭∗ via two steps:
Step 1: Solve rotation using Singular Value 
Decomposition (SVD)

• 𝐑∗ = min
𝐑

1

2
σ𝑖=1
𝑛 𝐪𝑖 − 𝐑𝐪𝑖

′ 2

Step 2: Solve translation based on rotation
• 𝐭∗ = 𝐩 − 𝐑𝐩′

Step 1: Solve rotation using Singular Value Decomposition (SVD)
1

2
σ𝑖=1
𝑛 𝐪𝑖 − 𝐑𝐪𝑖

′ 2 =
1

2
σ𝑖=1
𝑛 (𝐪𝑖

𝑇𝐪𝑖 + 𝐪𝑖
′𝑇𝐑𝑇𝐑𝐪𝑖

′ − 2𝐪𝑖
𝑇𝐑𝐪𝑖

′)

=
1

2
σ𝑖=1
𝑛 𝐪𝑖

𝑇𝐑𝐪𝑖
′ =

1

2
σ𝑖=1
𝑛 −tr(𝐑𝐪𝑖

′𝐪𝑖
𝑇
)

= −tr(𝐑 σ𝑖=1
𝑛 𝐪𝑖

′𝐪𝑖
𝑇

)
= −tr(𝐑𝐔𝚺𝐕𝐓) = −tr(𝚺𝐕𝐓𝐑𝐔)

𝐕𝐓𝐑𝐔 is an orthogonal matrix and 𝐑∗ is obtained when 𝐕𝐓𝐑𝐔 is 
an identity matrix!

𝐑∗ = 𝐕𝐔𝐓

Step 2: Solve translation based on rotation
• 𝐭∗ = 𝐩 − 𝐔𝐕𝐓𝐩′

SVD of 𝐖 which is a 3 × 3 matrix: 𝐖 =

σ𝑖=1
𝑛 𝐪𝑖

′𝐪𝑖
𝑇
= 𝐔𝚺𝐕𝐓

Be noted that the Step 1 and Step 2 performs iteratively until:

• The change of 𝐑∗ and 𝐭∗ are small enough, or
• The change of the loss is small enough, or
• The number of iterations is large enough, or

𝐕𝐓, 𝐑, 𝐔 are all 
orthogonal matrix  
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Reference point clouds:

p𝑖 = { 𝑥1,𝑦1,𝑧1 , 𝑥2,𝑦2,𝑧2 , … }

Target point clouds:

q𝑖 = { 𝑥1,𝑦1,𝑧1 , 𝑥2,𝑦2,𝑧2 , … }
Find the best R,T to map the 

red point clouds back to the 

blue point clouds

Iterative Closest Point (ICP) Optimization Using SVD*
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Role of the Visual Odometry

𝑋𝐶𝑖

𝑌𝐶𝑖

𝑍𝐶𝑖

𝑌𝐿

𝑋𝐿

𝑍𝐿

𝐶𝑖

𝑌𝑊

𝑋𝑊

𝑍𝑊

World frame

(ECEF), W

Latitude/Longitude/Attitude 

by WGS84

𝐓L
W

𝐓L
W: coordinate transformation matrix  

from local frame to world frame

Local frame 

(ENU), L

Camera frame 

(Body), 𝐶𝑖

𝑋𝐼𝑖

𝑌𝐼𝑖

𝑍𝐼𝑖

𝐼𝑖

INS frame (Body) 𝐼𝑖

𝑋𝐴𝑖

𝑌𝐴𝑖

𝑍𝐴

𝐴𝑖

GNSS Antenna frame 

(Body) 𝐴𝑖

𝐓C
L = 𝐑C

L 𝐭C
L

0 1

Paul Groves (2013), “Principles of GNSS, inertial, and multi-sensor integrated navigation 

systems” Artech House (2nd edition)

𝐓𝐶𝑖
𝐼𝑖 = 𝐓𝐶

𝐼

𝐓𝐼𝑖
𝐴𝑖 = 𝐓𝐼

𝐴

𝐓𝐶𝑖
𝐴𝑖 = 𝐓𝐶

𝐴𝐓𝐴𝑖
L

Extrinsic parameters 
(calibrated before use)

𝐓𝐶𝑖
L

𝐓C𝑵
L = 𝐓C𝟎

L 𝐓C𝟏
C𝟎𝐓C𝟐

C𝟏…𝐓C𝑵
C𝑵−𝟏

Visual odometry provides 

below!



Stereo Visual Odometry with Depth Information
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The key drawbacks of stereo visual odometry

• Limited by the range of the depth

• Sensitive to the illumination conditions



Visual Odometry (VO)

>What can we do if we only have a monocular 
camera?
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The pipeline of visual odometry with a camera
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Camera
Feature 

Detection

Feature 

Tracking

Feature 

Association

Image

Pose 

Estimation

Find the representative 

features in an image!

Find the same 

features in 

consecutive 

image!

Formulate the 

difference between 

stereo and 

monocular visual 

positioning!



> What’s a good feature? Distinctive! Line is not!

> Consider the image window centered at [u, v] to produce 
the grayscale change 𝐸 𝑢, 𝑣

17

Feature Detection Using Shi-Tomasi Corner

Shi, Jianbo. "Good features to track." 1994 Proceedings of 

IEEE conference on computer vision and pattern recognition. 

𝐸𝑝 𝑢𝑝, 𝑣𝑝 = 

(𝑤𝑢,𝑤𝑣)

𝐼 𝑤𝑢 + 𝑢𝑝, 𝑤𝑣 + 𝑣𝑝 − 𝐼(𝑢𝑝, 𝑣𝑝)
2

𝑢

𝑣

𝐸𝑝 𝑢𝑝, 𝑣𝑝 ≈ 

(𝑤𝑢,𝑤𝑣)

𝑢𝑝 𝑣𝑝
𝐼𝑤𝑢
2 𝐼𝑤𝑣

𝐼𝑤𝑣

𝐼𝑤𝑣
𝐼𝑤𝑣

𝐼𝑤𝑣
2

𝑢𝑝
𝑣𝑝

𝐼 𝑤𝑝 + 𝑢𝑝, 𝑤𝑣 + 𝑣𝑘 ≈ 𝐼 𝑢𝑝, 𝑣𝑝 + 𝑢𝐼𝑤𝑢
+ 𝑣𝐼𝑤𝑣

𝐼𝑤𝑢
=
𝜕𝐼 𝑤𝑢,𝑤𝑣

𝜕𝑤𝑢
𝐼𝑤𝑣

=
𝜕𝐼 𝑤𝑢,𝑤𝑣

𝜕𝑤𝑣



(𝑤𝑢,𝑤𝑣)

𝐼𝑤𝑢
2 𝐼𝑤𝑣

𝐼𝑤𝑣

𝐼𝑤𝑣
𝐼𝑤𝑣

𝐼𝑤𝑣
2 = 𝐔−1

𝜆𝑝,1 0

0 𝜆𝑝,2
𝐔

𝑚𝑖𝑛 𝜆1, 𝜆2 > 𝜆𝑚𝑖𝑛

𝑤𝑢

𝑤𝑣

Linearize by 1st order Tayler 

series expansion to use the 

tools in linear algebra

SVD decomposition

We want corners 

not lines.

𝐟 = find 𝑚𝑖𝑛 𝜆𝑝,1, 𝜆𝑝,2 > 𝜆𝑚𝑖𝑛

𝑝 ∈ pixels in the images

𝑢𝑝, 𝑣𝑝



> The displacement of the feature is caused by camera movement.

> Three assumptions made: 

1. Constant brightness

2. Feature did not move in actual world

3. Spatial consistency 

Feature Matching via Optical Flow 

𝑤𝑢

𝑤𝑣

𝑢𝑘,𝑡, 𝑣𝑘,𝑡

𝑤𝑢

𝑤𝑣

𝑢𝑘,𝑡+∆𝑡, 𝑣𝑘,𝑡+∆𝑡

𝐼(𝑢, 𝑣, 𝑡)= 𝐼(𝑢 + 𝑑𝑢, 𝑣 + 𝑑𝑣, 𝑡 + 𝑑𝑡)

𝐼(𝑢 + 𝑑𝑢, 𝑣 + 𝑑𝑣, 𝑡 + 𝑑𝑡) ≈ 𝐼(𝑢, 𝑣, 𝑡) +
𝜕𝐼

𝜕𝑢
𝑑𝑢 +

𝜕𝐼

𝜕𝑣
𝑑𝑣 +

𝜕𝐼

𝜕𝑡
𝑑𝑡

𝜕𝐼

𝜕𝑢
𝑑𝑢 +

𝜕𝐼

𝜕𝑣
𝑑𝑣 +

𝜕𝐼

𝜕𝑡
𝑑𝑡 = 0

𝜕𝐼

𝜕𝑢

𝑢

𝑑𝑡
+
𝜕𝐼

𝜕𝑣

𝑣

𝑑𝑡
= −

𝜕𝐼

𝜕𝑡

B. Lucas and T. Kanade, "An iterative image 

registration technique with an application to stereo 

vision," in IJCAI'81, 1981, pp. 674-679

𝑘 ∈ 𝐟, feature detected

𝑤𝑢 ∗ 𝑤𝑣,
the neighboring area 

of feature point

𝑢𝑡𝐼u 𝐼𝑣 𝐼𝑡𝑣𝑡
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𝑤𝑢

𝑤𝑣

𝑢𝑘, 𝑣𝑘

𝑤𝑢

𝑤𝑣

𝑢𝑘,𝑡+∆𝑡, 𝑣𝑘,𝑡+∆𝑡

𝜀𝑘(∆𝑢, ∆𝑣) = 

𝑥∈𝑤𝑢



𝑦∈𝑤𝑣

I𝑡 𝑥, 𝑦 − I𝑡+∆𝑡 𝑥 + ∆𝑢, 𝑦 + ∆𝑣 2

Check whether the feature loss, 𝜀𝑘 < thres

𝑘 ∈ 𝐟, feature detected

The goal is to find (𝑢𝑘,𝑡+∆𝑡, 𝑣𝑘,𝑡+∆𝑡), where 

(𝑢𝑘 , 𝑣𝑘) and (𝑢𝑘,𝑡+∆𝑡, 𝑣𝑘,𝑡+∆𝑡) are similar, 

𝐼(𝑢𝑘,𝑡+∆𝑡, 𝑣𝑘,𝑡+∆𝑡) = 𝐼((𝑢𝑘 , 𝑣𝑘) + (∆𝑢, ∆𝑣))

Feature Matching via Optical Flow 

𝐼𝑢 𝐼𝑣
∆𝑢
∆𝑣

= −𝐼𝑡

𝐼𝑥,1 𝐼𝑦,1
𝐼𝑥,2 𝐼𝑦,2
⋮

𝐼𝑥,(𝑤𝑢×𝑤𝑣)

⋮
𝐼𝑦,(𝑤𝑢×𝑤𝑣)

ሶ𝑢
ሶ𝑣
= −

𝐼𝑡,1
𝐼𝑡,2
⋮

𝐼𝑡,(𝑤𝑢×𝑤𝑣)

𝐇𝑘𝐱𝑘 = −𝐳𝑘 ො𝐱𝑘 = 𝐇𝑘
T𝐇𝑘

−1
𝐇𝑘
T(−𝐳𝑘)

𝐱 =
ሶ𝑢
ሶ𝑣

𝜕𝐼

𝜕𝑢

𝑢

𝑑𝑡
+
𝜕𝐼

𝜕𝑣

𝑣

𝑑𝑡
= −

𝜕𝐼

𝜕𝑡



Model of the camera

Pinhole Model
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20

Focal 

length

Camera

Optic center  

𝑧C

𝑓
=
𝑥C

𝑥I
=
𝑦C

𝑦I

𝑥I = 𝑓
𝑥C

𝑧C

𝑦I = 𝑓
𝑦C

𝑧C

(X , Y, Z)

(𝑥I,𝑦I)

𝑢 = f𝑢
𝑥C

𝑧C
+ ∆u

𝑣 = f𝑣
𝑥C

𝑧C
+ ∆v

(u , v)

Imaging plane

Pixel plane

Scale and translation
(f𝑢, f𝑣) (∆u, ∆v)

𝐏

𝑥C

𝑦C

(𝑥C,𝑦C,𝑧C)

PC𝑦I
𝑥I

𝑧C
Camera-body frame 

Camera frame



Model of the camera

Pinhole Model

21

21

Focal 

length

Camera

Optic center  

𝑢 = f𝑢
𝑥C

𝑧C
+ ∆u

𝑣 = f𝑣
𝑥C

𝑧C
+ ∆v

(u , v)

𝑢
𝑣
1

=
1

𝑧C

f𝑢 0 ∆u
0 f𝑣 ∆v
0 0 1

𝑥C

𝑦C

𝑧C

𝑧C
𝑢
𝑣
1

= 𝐊𝐩C

𝐊:Camera Intrinsic Matrix

s: Depth between Camera & 

Feature 

Pixel plane

𝑠𝐩I = 𝐊𝐩C

𝐏

𝑥C

𝑦C

𝑦I
𝑥I

𝑧C
Camera-body frame 

Scale and translation
(f𝑢, f𝑣) (∆u, ∆v)

(𝑥C,𝑦C,𝑧C)

PC

(𝑥I,𝑦I)



Rotation and Position Representation
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𝑦𝐺

𝑧𝐺

ECEF𝑥𝐺

𝑧𝐵

𝑦𝐵

𝑥𝐵
Rotation Matrix

𝐑𝐵
𝐺 and translation 

vector 𝐭𝐵
𝐺

Particle 𝑎: (𝑎𝑥
𝐵 , 𝑎𝑦

𝐵 , 𝑎𝑧
𝐵)

?

Considering both the rotation and position, we get 

𝑎𝑥
𝐺

𝑎𝑦
𝐺

𝑎𝑧
𝐺

=

𝑒𝑥
𝐺𝑒𝑥

𝐵 𝑒𝑥
𝐺𝑒𝑦

𝐵 𝑒𝑥
𝐺𝑒𝑧

𝐵

𝑒𝑦
𝐺𝑒𝑥

𝐵 𝑒𝑦
𝐺𝑒𝑦

𝐵 𝑒𝑦
𝐺𝑒𝑧

𝐵

𝑒𝑧
𝐺𝑒𝑥

𝐵 𝑒𝑧
𝐺𝑒𝑦

𝐵 𝑒𝑧
𝐺𝑒𝑧

𝐵

𝑎𝑥
𝐵

𝑎𝑦
𝐵

𝑎𝑧
𝐵

+

𝑥𝐵
𝐺

𝑦𝐵
𝐺

𝑧𝐵
𝐺

Rotation Matrix

𝐑𝑩
𝑮

Position in 

𝐂𝐺

Position in 

𝐂𝐵

𝐭𝐵
𝐺 ,translation 

between 𝐂𝐺
and 𝐂𝐵

The 𝐑𝐵
𝐺 represent the orientation and the 𝐭𝐵

𝐺 represents 

the position of the flight mechanic in the ECEF 

coordinate system!

Given 

• The position of a particle a in the body-fixed coordinate as 𝑎𝑥
𝐵, 𝑎𝑦

𝐵 , 𝑎𝑧
𝐵

• The transformation between between 𝐂𝐵 and 𝐂𝐺 as rotation matrix 𝐑𝐵
𝐺 and translation vector 𝐭𝐵

𝐺(𝑥𝐵
𝐺 , 𝑦𝐵

𝐺 , 𝑧𝐵
𝐺)

Question:

• Calculate the coordinate of particle a in the coordinate 𝐂𝐺.
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∆𝑡

𝐩𝑘,𝑡
I

𝑠𝑘,𝑡
𝑠𝑘,𝑡+∆𝑡

𝐩𝑘
I : feature 

location in pixel 

domain 

𝐩𝑘
C𝑡 feature location in 

camera-body frame at 

time t

depth between 

camera and feature  

𝐑 : Rotation Matrix

𝐭 : Translation Matrix

K: Camera Intrinsic Matrix

𝐩𝑘,𝑡
I =

𝑢𝑘
𝑣𝑘
1

, 𝑘 ∈ 𝒇 𝐩𝑘
C𝑡 =

𝑥𝑘,𝑡
C𝑡

𝑦𝑘,𝑡
C𝑡

𝑧𝑘,𝑡
C𝑡

, 𝑘 ∈ 𝒇

𝐩𝑘,𝑡+∆𝑡
I

𝐓C𝑡
C𝑡+∆𝑡 =

𝐑 𝐭
0 1

Transformation Matrix

(unknow)

𝐩𝑘
C𝑡

Image t

Image 𝑡 + ∆𝑡

𝐩𝑘,𝑡
I feature location in 

image plane at time t

Epipolar Constraint is to estimate the 

relative motion 𝐓C𝑡
C𝑡+∆𝑡 given several 

feature pairs! 
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∆𝑡

𝐩𝑘,𝑡
I

𝑠𝑘,𝑡
𝑠𝑘,𝑡+∆𝑡

𝐩𝑘
I : feature 

location in pixel 

domain 

𝐩𝑘
C𝑡 feature location in 

camera-body frame at 

time t

depth between 

camera and feature  

𝑠𝑘,𝑡𝐩𝑘,𝑡
I = 𝐊𝐩𝑘,𝑡

C𝑡

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭)

𝐑 : Rotation Matrix

𝐭 : Translation Matrix

K: Camera Intrinsic Matrix

𝐩𝑘,𝑡
I =

𝑢𝑘
𝑣𝑘
1

, 𝑘 ∈ 𝒇

𝐩𝑘
C𝑡 =

𝑥𝑘,𝑡
C𝑡

𝑦𝑘,𝑡
C𝑡

𝑧𝑘,𝑡
C𝑡

, 𝑘 ∈ 𝒇

𝐩𝑘,𝑡+∆𝑡
I

𝐩𝑘,𝑡+∆𝑡
C𝑡+∆𝑡 = (𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭)

𝐩𝑘,𝑡+∆𝑡
I = 𝐩𝑘,𝑡

I +
ሶ𝑢𝑘
ሶ𝑣𝑘
∆𝑡, 𝑘 ∈ 𝒇

By pinhole mode

By transformation matrix between ∆𝑡

By measurement from feature tracking

Then, we obtain the model on 𝑡 + ∆𝑡

𝐓C𝑡
C𝑡+∆𝑡 =

𝐑 𝐭
0 1

Transformation Matrix

(unknow)

𝐩𝑘
C𝑡

Image t

Image 𝑡 + ∆𝑡



Epipolar Constraint

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭)

The model on 𝑡 + ∆𝑡

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I = 0

Substitution using linear algebra 

𝐭⋀𝐑

The eight-point algorithm: 

Eight pairs of matching feature 

points between two frames

unknown

measurement

constant

algebra

25

Transformation 

Matrix

∆𝑡

𝐩𝑘,𝑡
I

𝑠𝑘,𝑡
𝑠𝑘,𝑡+∆𝑡

𝐩𝑘
I : feature 

location in pixel 

domain 

𝐩𝑘
C𝑡 feature location in 

camera-body frame at 

time t

depth between 

camera and feature  

𝐑 : Rotation Matrix

𝐭 : Translation Matrix

K: Camera Intrinsic Matrix

𝐩𝑘,𝑡
I =

𝑢𝑘
𝑣𝑘
1

, 𝑘 ∈ 𝒇

𝐩𝑘
C𝑡 =

𝑥𝑘,𝑡
C𝑡

𝑦𝑘,𝑡
C𝑡

𝑧𝑘,𝑡
C𝑡

, 𝑘 ∈ 𝒇

𝐩𝑘,𝑡+∆𝑡
I

𝐓C𝑡
C𝑡+∆𝑡 =

𝐑 𝐭
0 1

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝑒1 𝑒2 𝑒3
𝑒4 𝑒5 𝑒6
𝑒7 𝑒8 𝑒9

𝐊−1𝐩𝑘,𝑡
I = 0

The rotation and the translation 

between two frames

Image t

Image 𝑡 + ∆𝑡
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Motion Estimation by Epipolar Constraint
𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡

I = 𝐊(𝐑𝐩𝑘,𝑡
C𝑡 + 𝐭)

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭) = 𝐊𝐑𝐩𝑘,𝑡
C𝑡 + 𝐊𝐭

𝐊−1𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐑𝐊−1𝑠𝑘,𝑡𝐩𝑘,𝑡

I + 𝐭

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭) = 𝐊𝐑𝐊−1𝑠𝑘,𝑡𝐩𝑘,𝑡
I + 𝐊𝐭

𝑠𝑘,𝑡+∆𝑡 𝐊
−1𝐩𝑘,𝑡+∆𝑡

I = 𝑠𝑘,𝑡𝐑𝐊
−1𝐩𝑘,𝑡

I + 𝐭

𝐭⋀ 𝑠𝑘,𝑡+∆𝑡 𝐊
−1𝐩𝑘,𝑡+∆𝑡

I = 𝐭⋀𝑠𝑘,𝑡𝐑𝐊
−1𝐩𝑘,𝑡

I + 𝐭⋀𝐭

𝐭⋀ 𝑠𝑘,𝑡+∆𝑡 𝐊
−1𝐩𝑘,𝑡+∆𝑡

I = 𝐭⋀𝑠𝑘,𝑡𝐑𝐊
−1𝐩𝑘,𝑡

I

𝑠𝑘,𝑡+∆𝑡 𝐭
⋀ 𝐊−1𝐩𝑘,𝑡+∆𝑡

I = 𝑠𝑘,𝑡𝐭
⋀𝐑𝐊−1𝐩𝑘,𝑡

I

𝑠𝑘,𝑡+∆𝑡 𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀ 𝐊−1𝐩𝑘,𝑡+∆𝑡
I = 𝑠𝑘,𝑡 𝐊

−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I

Given the orthogonal properties: 

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀ 𝐊−1𝐩𝑘,𝑡+∆𝑡
I = 0

𝑠𝑘,𝑡 𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I = 0

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I = 0

The eight-point algorithm: 

Eight pairs of matching feature points 

between two frames

𝐭⋀𝐑
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𝐓L
W: coordinate transformation matrix  

from local frame to world frame

𝐓C
L = 𝐑C

L 𝐭C
L

0 1

𝐓C𝑵
L = 𝐓C𝟎

L 𝐓C𝟏
C𝟎𝐓C𝟐

C𝟏…𝐓C𝑵
C𝑵−𝟏

We get the relative 

motion between two 

images!

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭)

The model on 𝑡 + ∆𝑡

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I = 0

Substitution using linear algebra 

𝐭⋀𝐑

The eight-point algorithm: 

Eight pairs of matching feature 

points between two frames

unknown

measurement

constant

algebra

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝑒1 𝑒2 𝑒3
𝑒4 𝑒5 𝑒6
𝑒7 𝑒8 𝑒9

𝐊−1𝐩𝑘,𝑡
I = 0

The rotation and the translation 

between two frames
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𝐓L
W: coordinate transformation matrix  

from local frame to world frame

𝐓C
L = 𝐑C

L 𝐭C
L

0 1

𝐓C𝑵
L = 𝐓C𝟎

L 𝐓C𝟏
C𝟎𝐓C𝟐

C𝟏…𝐓C𝑵
C𝑵−𝟏

We get the relative 

motion between two 

images!

𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐊(𝐑𝐩𝑘,𝑡

C𝑡 + 𝐭)

The model on 𝑡 + ∆𝑡

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝐭⋀𝐑𝐊−1𝐩𝑘,𝑡
I = 0

Substitution using linear algebra 

𝐭⋀𝐑

The eight-point algorithm: 

Eight pairs of matching feature 

points between two frames

unknown

measurement

constant

algebra

𝐊−1𝐩𝑘,𝑡+∆𝑡
I T

𝑒1 𝑒2 𝑒3
𝑒4 𝑒5 𝑒6
𝑒7 𝑒8 𝑒9

𝐊−1𝐩𝑘,𝑡
I = 0

The rotation and the translation 

between two frames
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Triangulation

camera motion 𝐑, 𝐭

the 3D position of feature points

estimate

𝐊−1𝑠𝑘,𝑡+∆𝑡𝐩𝑘,𝑡+∆𝑡
I = 𝐑𝐊−1𝑠𝑘,𝑡𝐩𝑘,𝑡

I + 𝐭

unknown

measurement

constant

algebra

estimated

𝑠𝑘,𝑡𝐩𝑘,𝑡
I = 𝐊𝐩𝑘,𝑡

C𝑡( )

𝐊−1𝐩𝑘,𝑡+∆𝑡
I

𝐊−1 𝐩𝑘,𝑡
I 𝒙𝑘,𝑡

C𝑡

𝒙𝑘,𝑡+∆𝑡
C𝑡

denotes

denotes

𝑠𝑘,𝑡+∆𝑡𝒙𝑘,𝑡+∆𝑡
C𝑡 = 𝐑𝑠𝑘,𝑡𝒙𝑘,𝑡

C𝑡 + 𝐭

Triangulation diagram

𝑠𝑘,𝑡+∆𝑡 𝒙𝑘,𝑡+∆𝑡
C𝑡 Ʌ𝒙𝑘,𝑡+∆𝑡

C𝑡 = 𝑠𝑘,𝑡 𝒙𝑘,𝑡+∆𝑡
C𝑡 Ʌ𝐑𝒙𝑘,𝑡

C𝑡 + 𝒙𝑘,𝑡+∆𝑡
C𝑡 Ʌ𝐭

𝒙𝑘,𝑡+∆𝑡
C𝑡

Λ
𝒙𝑘,𝑡+∆𝑡
C𝑡 = 0

𝑠𝑘,𝑡
𝑠𝑘,𝑡+∆𝑡Substitution

𝒙𝑘,𝑡
C𝑡

Depth 

recover



Examples of the Visual Odometry: State-of-the-art
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Campos, Carlos, Richard Elvira, Juan J. Gómez Rodríguez, José MM Montiel, and Juan D. Tardós. "Orb-slam3: An accurate open-

source library for visual, visual–inertial, and multimap slam." IEEE Transactions on Robotics 37, no. 6 (2021): 1874-1890.



Examples of the Visual Odometry: State-of-the-art
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ORB-SLAM

Campos, Carlos, Richard Elvira, Juan J. Gómez Rodríguez, José MM Montiel, and Juan D. Tardós. "Orb-slam3: An accurate open-

source library for visual, visual–inertial, and multimap slam." IEEE Transactions on Robotics 37, no. 6 (2021): 1874-1890.



Examples of the Visual Odometry: State-of-the-art
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VINS-Mono

Qin, T., Li, P. and Shen, S., 2018. Vins-mono: A robust and versatile monocular visual-inertial state estimator. IEEE Transactions on 

Robotics, 34(4), pp.1004-1020.



Examples of the Visual Odometry: State-of-the-art
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DSO: Direct Sparse Odometry

Engel, J., Koltun, V. and Cremers, D., 2017. Direct sparse odometry. IEEE transactions on pattern analysis and machine intelligence, 

40(3), pp.611-625.
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Performance and Challenges of 

Visual Positioning in 

Autonomous Driving



Challenges of Visual Positioning in Urban Areas
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Multipath

Key problem 2: 

GNSS is noisy!

Tall/dense buildings!

Dense traffic!

[1] Sun, Pei, et al. "Scalability in perception for autonomous driving: Waymo open dataset." Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition. 2020.

GNSS positioning 

is challenged due 

to signal blockage 

and reflection!

IMU is subject to 

severe drift in dense 

traffic scenarios!

Dynamic object 

degrades the visual 

positioning!

Key problem 1: Dynamic object degrades the visual positioning!
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[1] Sun Y, Liu M, Meng M Q H. Motion removal for reliable RGB-D SLAM in dynamic environments[J]. Robotics and Autonomous Systems, 2018, 108: 115-128.

ORB-SLAM

ORB-SLAM with proposed method [1]

Pixel-wisely Motion segmentation to find the possible moving objects 

Principle: identify the features or pixels that are associated with moving 

objects using motion tracking

Challenges of Visual Positioning

Limitations: the algorithm would fail in the scenarios that more than 

half of pixels come from moving objects, require depth information.



37Output  images with proposed method [2]

Input  images

Ground truth and trajectories estimated by DynaSLAM[2] 

and ORB-SLAM2 in the dynamic object dataset

[2] Bescos B, Fácil J M, Civera J, et al. DynaSLAM: Tracking, mapping, and inpainting in dynamic scenes[J]. IEEE Robotics and Automation Letters, 2018, 3(4): 4076-4083.

Challenges of Visual Positioning
Principle: identify the features or pixels that are associated with moving objects using deep learning

Convolutional 

neural network
Limitations: the proposed R-CNN is a 

supervised method, the detector model 

would fail when there are significant 

differences between training and practical 

scenes



Experimental of Visual Positioning in Hong Kong

38

Xsens MTi 10 IMU sensor is used to collect raw IMU measurements (200hz), monocular camera is

employed to capture raw images (10hz)，NovAtel SPAN-CPT provides the ground truth of positioning

Tsim Sha Tsui East

Trajectory: 1984.448 meters

Experimental vehicle

Mono Camera

GNSS antenna: 

SPAN-CPT

Tested Urban Canyon

Xsens IMU

Double-decker bus

VINS[1]: positioning from VINS

VINS-R: positioning from VINS with DFP removal

VINS-M: positioning from VINS with DFP 

remodeling

DFP: dynamic feature point

[1] Qin, Tong, Peiliang Li, and Shaojie Shen. "Vins-mono: A robust and versatile monocular visual-inertial state estimator." IEEE Transactions on 

Robotics 34.4 (2018): 1004-1020.



Preview on Tutorial 2: Tutorial 

on Visual Positioning
AAE4203 – Guidance and Navigation

Dr Weisong Wen

Research Assistant Professor

Department of Aeronautical and Aviation Engineering

The Hong Kong Polytechnic University

Week 9, 16 March 2022



How to all these unknow parameters?

40

Iterms param1 param2 param3 param4 param5

Camera

Intrinsic-K
f𝑢 f𝑣 ∆u ∆v

Lens

Distortion
K1 K2 K3 p1 p2

The process of calculate all these 

parameters is called camera calibration!



Algorithm: Zhang Zhengyou Calibration[1]

Camera Calibration

41

Calibration of camera

[1] Zhang, Zhengyou. "A flexible new technique for camera calibration." IEEE Transactions on pattern analysis 

and machine intelligence 22.11 (2000): 1330-1334.

Advantages: 
The equipment is simple, just a

printed checkerboard;

High precision, relative error can be

lower than 0.3%;

He received the IEEE Helmholtz Time Test 

Award for "Zhang's Calibration Method“ in 2013

A very famous expert in computer vision and 

multimedia technology



Camera Calibration

42



Visual Odometry

43



GNSS Real-time Kinematic Positioning: Ambiguity Resolution

44

𝐩𝑟,𝑡
𝐺 : Float solution of position of GNSS 

receiver

𝐚𝑡 = ∆∇𝛮𝑟,𝑡
1 , ∆∇𝛮𝑟,𝑡

2 , …: Float ambiguity

𝐐𝑡 = ൰ቀ𝐆𝑡
𝐺
𝑇
𝐖𝒕𝐆𝑡

𝐺
−1

: Covariance matrix 

𝐆𝑡
𝐺 =

𝑝𝑡,𝑥
𝐺,1 − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑥
𝐺,w − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑦
𝐺,1 − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑦
𝐺,w − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑧
𝐺,1 − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑧
𝐺,w − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺
0 … 0

⋮ ⋮ ⋮ ⋮ ⋱ ⋮

𝑝𝑡,𝑥
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑥
𝐺,w − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑦
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑦
𝐺,w − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑧
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑧
𝐺,w − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺
0 … 0

𝑝𝑡,𝑥
𝐺,1 − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑥
𝐺,w − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑦
𝐺,1 − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑦
𝐺,w − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑧
𝐺,1 − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑧
𝐺,w − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺
1 … 0

⋮ ⋮ ⋮ ⋮ ⋱ ⋮

𝑝𝑡,𝑥
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑥
𝐺,w − 𝑝𝒓,𝑡,𝑥

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑦
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑦
𝐺,w − 𝑝𝒓,𝑡,𝑦

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺

𝑝𝑡,𝑧
𝐺,𝑚−1 − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑚−1 − 𝐩𝑟,𝑡

𝐺
−

𝑝𝑡,𝑧
𝐺,w − 𝑝𝒓,𝑡,𝑧

𝐺

𝐩𝑡
𝐺,𝑤 − 𝐩𝑟,𝑡

𝐺
0 … 1

Formulate the 

Covariance 𝐖𝒕!
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Dr. Weisong Wen

If you have any questions or inquiries, 
please feel free to contact me.

Email: welson.wen@polyu.edu.hk

Thank you for your 
attention ☺
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